Gf DEGENERATION OF FLAG VARIETIES 

EVGENY FEIGIN 

i~:> ' Abstract. Let J'a be a generalized flag variety of a simple Lie group G 

04 . embedded into the projectivization of an irreducible G-module V\. We 

define a flat degeneration 9"^, which is a G^ variety. Moreover, there 
exists a larger group G" acting on 3"^, which is a degeneration of the 
group G. The group G" contains G*^ as a normal subgroup. If G is 
C*^ ' of type A, then the degenerate flag varieties can be embedded into the 

Cm , product of Grassmanians and thus to the product of projective spaces. 

The deflning ideal of 3^1 is generated by the set of degenerate Pliicker 
relations. We prove that the coordinate ring of J'J is isomorphic to a 
direct sum of dual PBW-graded g-modules. We also prove that there 
exist bases in mult i- homogeneous components of the coordinate rings, 
(-H I parametrized by the semistandard PBW-tableux, which are analogues 

■4-J . of semistandard tableux. 
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^ ! Introduction 

> • 

\^ ■ Let G be a simple Lie group with the Lie algebra g. The flag varieties 

■^ . associated with G are the quotients G/P by the parabolic subgroups (see 

^ I e.g. jKl] ). These varieties can be realized as G-orbits G[vx] "^^ P(Va) in the 

projectivization of irreducible G- modules Vx with highest weight vector vx, 

[vx] = Cvx- We denote 3'x = G[vx]- 
^5 ' Ii^ this paper we introduce a new family of varieties 3"^, which are flat 

degenerations of 3'a (the superscript a is for abelian, see the explanations 

below). We note that in the literature there exists a degeneration of flag 
>^ - varieties into toric varieties (see [C], |GLj . [L]). Our degenerate flags are 

\^ . G^ varieties, i.e. they are equipped with an action of the M-fold product 

C^ I G^ of the additive group of the field with an open orbit, where M is the 

dimension of a maximal unipotent subgroup of G. 

The varieties 3"" are defined as follows. Let Fg, s > be the PBW 

filtration on Vx (see [M], [El, [FFbL] , [K2]) 

Fs = spanjxi . . . xivx : Xi e Q,l < s}. 

We define V^ = Fq es>o Fg+i/Fg. Let g = n [) © n" be the Cartan 
decomposition. The space V^ has a natural structure of a module over the 
degenerate algebra g°. The algebra g" is isomorphic to g as a vector space. 
It is a direct sum of two subalgebras: one is the Borel subalgebra b = n © f) 
and the second is an abelian ideal (n~)", which is an abelian subalgebra 
isomorphic to n~ as a vector space. The corresponding Lie group G° is 
a semidirect product G^^ x B of the normal subgroup G*^ (M = dimn) 
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2 EVGENY FEIGIN 

and the Borel subgroup B. We define the varieties 3"^ as the closure of the 
G* -orbit of the highest weight vector: 



3"A = G^'^N-^lP(n")- 

We note that an affine space G^^[vx\ does not coincide with the closure 
G^^[t;A], but form a dense open G^^-orbit. Hence for all A the varieties 3'x 
are the so-called G^^ varieties [HT], [XS]. [X]. 

We study the varieties 9"^ in the case g = sin- In this case the varieties 3"a 
are isomorphic to partial flag varieties. In particular, the ones corresponding 
to fundamental weights are Grassmanians Gr{d, n). There exist embeddings 
of partial flags into the product of projective spaces and the image is given 
by Pliicker relations. These relations describe coordinate rings of flag va- 
rieties (see [Fu| ). Since all fundamental weights are cominuscule in the s[„ 
case, we have 3""^ ~ 9"a;^ — Gr{d,n). The results of jFFoLj imply that each 
degenerate flag variety can be embedded into the product of Grassmanians 
and thus into the product of projective spaces. We show that this embedding 
can be described in terms of the explicit set of multi-homogeneous algebraic 
equations, which are obtained from the Pliicker relations by certain degen- 
eration. We prove that the degeneration 3" ^- S"'* is flat. We also show that 
(as in the classical case) the coordinate ring of 9"^ is isomorphic to a direct 
sum of certain dual modules (V^)*. 

Our main technical tool is combinatorics of the semistandard PBW- 
tableaux. Recall that the usual semistandard tableaux serve as labeling 
set for bases of the coordinate rings of flag varieties. We construct another 
set (which we call the set of semistandard PBW-tableux) of Young diagrams 
filled by numbers such that these tableaux provide a basis in the coordinate 
rings of 3"" (and of 3"a as well). 

Finally, we note that the case q = s[„ is special, since all fundamental 
weights are cominuscule. This is important for our construction, since the 
operators from the nilpotent radical act as pairwise commuting operators 
in each module K;^ even before passing to V^^. This gives an identification 
3"^^ ~ 3"(j^ ~ Gr{d,n) and simplifies the whole picture (see [S])- For other 
algebras there exist Grassmanians, which have to be degenerated. It is very 
interesting to study these degenerations as well as arbitrary degenerations 
3"^ for general q. 

Our paper is organized as follows: 
In Section 1 we recall notations and main facts about Lie algebras and flag 
varieties in type A. 

In Section 2 we introduce the G^ degeneration of the generalized flag vari- 
eties for arbitrary simple Lie group G. 

In Section 3 we state our main results and provide examples. 
In Sections 4 and 5 we prove the statements from Section 3. Section 4 
addresses the combinatorial questions and in Section 5 we prove algebro- 
geometric results. 
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1. The classical case 

1.1. Notations. Let g be a simple Lie algebra with the Cartan decomposi- 
tion g = n0(i©n~ and the Borel subalgebra b = n©f). Let cjj, a^, i = 1, . . . , / 
be fundamental weights and simple roots of g. Here / = dimf) = rk g. Let 
Q and P be root and weight lattices in f)*: P is generated by w, and Q is 
generated by a^. We set 

I I 

Q± = ±Z>oa^, i^± = ±Z>o^^, Z>o = {n e Z : n> 0}. 



We denote by (•, •) the Killing form on f)*. In particular, we have {ai,ujj) = 

Consider the weight decomposition 

n= na, n~ = nl„, 

where ria and nZ^ are one-dimensional spaces spanned by elements Ca and 
fa- One has 

[h,ea\ = a{h)ea, [h, fa] = -a{h)fa, hei). 

We denote the elements e^^ by e, and /q. by /«. Then ea, fa, Oi G (5+ and 
hi = [ei, fi] form the Chevalley basis of g. 

For any A = "^^^i rriiUJi G P+ let Vx be irreducible highest weight g- 
module with highest weight A. Let vx G Vx be a highest weight vector. 
Then one has 

hvx = \{h)vx V/i G f), nvx = 0, V{n-)vx = Vx- 

Let G be a simple Lie group with the Lie algebra g. Let 5, H, N and 
A^~ be the Borel, Cartan and unipotent subgroups of G. The corresponding 
Lie algebras are b, f), n and n~. Each space Va, A G P+ is equipped with 
the natural structure of G-module. Therefore G acts on the projectivization 
P(Va)- The (generalized) flag variety 3"a ^-> F(Vx) is defined as the G-orbit 
of the line C-vx. Each variety 3"a is isomorphic to the quotient of G by the 
parabolic subgroup leaving the point Cvx G P(Va) invariant. 

1.2. Type A case: Pliicker relations, coordinate rings and semi- 
standard tableaux. In this subsection we recall the main ingredients of 
the theory of flag varieties in the case g = s[„. Our main reference is |Fu] 
(see |K1] for more Lie-theoretic approach). 

Let l<di<---<(is<n — Ibea sequence of increasing numbers. Then 

for any positive integers ai, . . . , Og the variety S^aiw^ H Va^^Jd is isomorphic 

to the partial flag variety 

J((ii, ...,ds) = {Vi^V2^ ...^Vs^C : dimFi = di). 
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In particular, if s = 1, then 3'{d) is the Grassmanian Gr{d,n) and for s = 
n — 1 3"(l,...,n — 1) is the variety of full flags. We recall that 

and the embedding Gr{d,n) ^-t- P(A'^T4;j) is defined as follows: a subspace 
with a basis wi,...,Wd maps to Cwi A ••• A Wd- For general sequence 
di, . . . ,ds one has embeddings: 

J{di,...,d,)^Gr{di,n)x---xGr{ds,n)^F{V^^Jx---xF{V^J. 

The composition of these embeddings is called the Pliicker embedding. The 
image is described explicitly in terms of Pliicker relations. Namely, let 
vi, . . . ,Vn be a basis of C" = Kj^. Then one gets a basis vj of Kj^ vj = 
Vj-^ A ■ ■ ■ A Vj^ labeled by sequences J = {1 < ji < J2 < ■ ■ ■ < jd 1^ n). Let 
Xj € V* be the dual basis. We denote by the same symbols the coordinates 
of a vector v G Vlo^'- Xj = Xj{v). The image of the embedding 

is defined by the Pliicker relations. These relations are labeled by a pair 
of numbers p > q, p,q G {di, . . . ,ds}, by a number k, 1 < k < q and by 
a pair of sequences L = (/i, . . . , Ip), J = (ji, . . . ,jg), 1 < lajjp < n. The 
corresponding relation is denoted by R^ j and is given by 

(1.1) RIj = XlXj- Y. ^l'Xj,, 

l<ri<-<rfc<p 

where L\J' are obtained from L, J by interchanging /c-tuples {Ir^-, . . . Jr^) 
and (ji, . . . ,jk) in L and J respectively, i.e. 

J = [iri , . . . , t^fc ) Jfe+l) • • • ) Ji}j) 
L = {li, . . . , lr-^-l,jl,lri+l, • • • , ^-1, J2, • • • , ^p)- 

We note that for any a £ Sd the equality 

^J<T(l)vJ<T(d) ~ ("-*-) Xjl,---,jd 

is assumed in (II. ip . We denote the ideal generated by all i?^ j by I{di , . . . , ds) 
An important fact is that this ideal is prime. 

Recall that the coordinate ring of 3"((ii, . . . ,ds) is the quotient ring 

Q{di,...,ds) = C[Xj,_jJ/I{di,...,ds), 

where the variables -^ji,...,jd are labeled hy d = di, . . . ,ds and 1 < ii < • • • < 
jd < n. 

The ring Q{di, . . . ,ds) has two other descriptions. First, recall that for 
any X, fj, £ P~^ there exists an embedding of g-modules Va+^ "-^ V\® Vfj,, 
v\+^ ^ vx(d Vfj,. Therefore we have dual surjective maps V^ '^V/^ ^ ^A*+u' 
which define an algebra 

Q(di,...,4)= V^. 

X=miuiii^ H \-msLLJas 
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Then one has an isomorphism of algebras Q{di, . . . , dg) — Q{di, . . . , dg). 

One can also embed the ring Q{di, . . . , dg) into a polynomial ring (thus 
proving that /(di, . . . ,ds) is prime). Namely, let Zij, 1 < i,j < n he a, set 
of variables. Then the map 

(1-2) ^ju-,jd ^ det{Zij^)i<i<d 

induces the embedding Q{di, . . . ,ds) "^ ^[^i,j]i<i,j<n- 

The ring Q{di, . . . ,ds) has a basis described in terms of the semistandard 
tableaux. Namely, for a partition A = (Ai > • • • > A„_i > 0) we denote 
by Yx the corresponding Young diagram. For example, ^(7,5,4,2,2) is the 
following diagram: 



We number the rows and columns of Yx from up to down and from left 
to right. Thus, the boxes of Yx are labeled by pairs {i,j)- We denote by fij 
the length of the j'-th column. 

A tableau T of shape A is a filling of Yx with numbers Tjj G {1, . . . , n}. 
The number Tij is attached to the box in the i-th row and j'-th column. 
The numbers Tij are subject to the condition: ii < 12 implies Tj^j- < Ti^j. 
A tableau is called semistandard if in addition ji < j2 implies Tj j^ < Tij^ . 

Let P~^{di, . . . ,ds) = '^+0Jdi © • • • ® Z^LJii^. Then we have a natural 
decomposition 

Q{di,...,ds)= Qx{di,...,ds)= f;. 

X€P+{di,...,ds) XeP+{di,...,ds) 

Recall that to a weight A = Y17=i ''^i^i one can attach a partition 

(mi H h m„_i, m2 H h m„_i, . . . , m„_.i), 

which we denote by the same symbol A. 

Finally, for a tableau T of shape A we define an element 

Ai 

Xt = JJXti,^,...,T^._, 

i=i 

(note that A G P'^{di, . . . ,ds) implies fij £ {di, . . . ,ds} for all j). Then the 
elements Xt labeled by the shape A semistandard tableaux form a basis of 
Q{di,...,ds). 

2. AbELIAN DEGENERATIONS 

We first recall the definition of the PBW-filtration on a highest weight 
module Vx- 
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The space Vx is equipped with the increasing PBW filtration Fg defined 
as follows: 

Fq = Cvx, Fs = spanjxi . . . xi^vx : k < s,Xi ^ ^~}- 

In other words, Fs+i = Fg + n~Fs. We denote by V^ the associated graded 
space, 

oo 

(2.1) V^ = Fo(B^Fs/Fs^,. 

The superscript a stands for the abelian, see the explanation below. In 
what follows we write V^ = 0s>o^a'(^)' ^a'('^) ~ ^s/Fs-i- An element 
X G V^{s) is said to be homogeneous of the PBW degree s. 
Let us describe the Lie algebra and Lie group acting on V^. 

Definition 2.1. The Lie algebra g" is isomorphic to g as a vector space and 
the bracket [•,•]" is given by the formulas 

[h, faV = -aih)fa, [h, ea]" = a{h)ea, [h, /ii]" = V/i, /ii G 1), a G Q+, 
[fa, //?]" = 0, [ea, ep]" = [eo,, e^] Vq, /3 G Q+, 

[ 0, otherwise. 

It is straightforward to check that the bracket [•,•]" satisfies the Jacobi 
identity. The superscript a stays for the abelian, since the subalgebra n~ is 
abelian with respect to the bracket [•, •]''. In what follows we omit the super- 
script a in the bracket [•,•]" if it is clear what algebra g or g" is considered. 

Remark 2.2. The Lie algebra g" is a semidirect sum of the Borel subalgebra 
b and an abelian ideal (n~)", which is isomorphic to n~ as a vector space. 
The action of b on (n^)" can be described as follows. The Lie algebra g 
is naturally equipped with a structure of adjoint b-module and b "^^ g is a 
submodule. Therefore we obtain a structure of quotient b-module on the 
space (n^)" ~ Q/b. 

Remark 2.3. The Lie algebra g" can be considered as a degeneration of g. 
In fact, let c^^"^, c~~a and c^~a be the structure constants of g, i.e. 

[ea,e/3] = C^^^ea+P, [fajp] = (^a^fa+13, 

[ca, J/b] = c^~^fi3-a, f3 - a £ Q+, [cq, f/s] = c+^Cq.;?, a- f3 £ Q+, 

[eaja] = ha ei). 
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Let 3(e) be the subalgebra of g spanned by the elements ea{s) = £„, /a(e) = 
efa, a G Q+ and t). Obviously, g(e) = g for any e ^ 0. Then one has 

[ea{e),ef}{e)] = c++e„+;3(e), [/a (e), //3(e)] = ec'-^f^+fiie), 

[ea(e),//3(e)] = c+^//3-a(e), (3-aeQ+, 

[ea(e),//3(e)] = ec+^e„_/3(e), a - /? e Q+, 

[ea(e),/a(e)] =e/ia. 

In the limit e ^ 0, the commutation relations above give the relations from 
Definition [211 

We now define the Lie group C^, which corresponds to g". Let M = dimn 
and let Ga be the additive group of the field C The Lie group G^ can be 
naturally identified with the Lie group of the abelian Lie algebra (n~)" ^->- g*^. 
We note that B acts on g via the restiction of the adjoint G-action. Since 
b '^ g is i?-invariant, we obtain a structure of i?-module on the vector space 
(n-r^g/b. 

Definition 2.4. The Lie group C^ is a semidirect product G*^ x i? of the 
normal subgroup G^ and the Borel subgroup B. The action by conjugation 
of B on G^^ is induced from the i?-action on (n~)" as above. 

The following proposition is simple, but of the key importance for us. 
Recall the graded modules V^ = -Fo ® 0s>i Fs/Fs-i (see (|2T]l ). 

Proposition 2.5. For any A G P+ the structure of Q-module on V\ induces 
the structures of q'^- and C^ -modules on V^. 

Proof. The action of the Lie algebra n^ on Vx induces the action of the 
abelian algebra (n^)° '^ g" on V^. In fact, for any a G (5+ we have 
faFs "— > Fg+i. Therefore, we have the action of operators fa on the graded 
space V^, mapping Fg/Fg-i to Fs+i/Fg- From definition of Fs we conclude 
that all such operators commute. Now consider the action of b on 1^. Since 
xFg ^^ Fg for any x G b, we obtain the action of b on the graded space 
V^ mapping each quotient Fg/ Fg-i to itself. Now it is easy to see that the 
action of abelian (n~)'* and of b satisfy the relations from Definition 12.11 
Thus we obtain a structure of g"-module on V^. The group C^ acts on V^ 
by the exponents of the operators from q"". D 

Remark 2.6. The space V^ is a cyclic module over the universal enveloping 
algebra of (n~)° ^^ g° and therefore can be identified with a quotient of the 
polynomial algebra in variables fa, ct € Q+ modulo some ideal /(A): V^ ~ 
C[/a]ogQ^//(A). The operators e^ G n act on this quotient as differential 
operators. This ideal in type A was computed in |FFoL| . 

Example 2.7. Let g = s[„, A = ujd, 1 < d < n— 1. Recall the basis vj of the 
module K;^ = A'^(C"). For a sequence J = [ji, ■ ■ ■ ,jd) we define the PBW 
degree of J by the formula 

(2.2) degJ = #{r: > > d}. 
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Then the s-th space of the PBW filtration Fg is spanned by the vectors vj 
with deg J < s. Therefore, the images of the elements vj with deg J = s 
define a basis of Fg/Fg-i ^-> V^^. We denote these images by the symbol Vj 
and the coordinates (dual basis) by Xj. 

The action of q"" on V^ can be written explicitly. Namely, for 1 < i < 
j < n let Oij = Oi + ■ ■ ■ + Oj be positive roots of sl„ and let fij = foi , 
Si,j = Cq,- ■ . Then it is easy to see that 

(2.3) fi -v"- = \ ■^''=^ ^«J'-^ji,...jV-i,i+i,ir+i,-,id' if ^ ^ ^'i ^ '^' 

1 0, otherwise ; 

^,,^a ^ f Etl 5j+l,>^'ji,...J._i,i,,V+i,...,,V iid<i<jOTi<j<d, 

I 0, otherwise . 

We note that V^ is no longer isomorphic to A (l/Jf^). 

The representations V^ for g = sl^ were studied in |FFoL] . In particular, 
the following lemma is proved in |FFoL] (see the proof of Theorem 3.11): 

Lemma 2.8. Let A,/i € P+. Then 

^aV ^ U(0")(«A ® v^) ^ V^ ^ V^ 

as ^"'-modules. 

We now define the degenerate flag varieties 3"^. Let [v\\ € "^{V^) be the 
line Cv\. 

Definition 2.9. The variety 3"" ■^^ IF'(^a ) ^^ ^ closure of the G"-orbit of [v\], 



We note that the orbit G[v\\ ^-)- P(Va) coincides with its closure, but the 
orbit G'^fi'A] does not. More precisely, since the Borel subgroup B stabilizes 
[v\\, the orbit G"[t^A] = '^o'^^I^a] is an affine space C*^-^, where 

MA = #{aeQ+: (A,q)>0}. 

In fact, 



Gf [vx] 



exp j ^ Cq/q j [vx], Cq, G C 



Mr„,i ^ r-MA 



Since /qVa = iff (A, a) = 0, we obtain G* [ua] — C 

Remark 2.10. The variety 3"^ is a G^'^^-equivariant compactification of the 
affine space C^^^. In other words, 3"^ are the so-called G^^-varieties (see 

m, El). 
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3. PlUCKER RELATIONS, COORDINATE RINGS AND PBW- TABLEAUX: THE 

DEGENERATE CASE 

In this section we state main results of this paper. The proofs are given 
in the foUowing sections. 

Starting from this section we assume that g = sin- We first consider the 
varieties 3"^^. 

Lemma 3.1. 3"^^^ ~ S^kuia f'^'"' all d = I, . . . ,n — I, k > 0. 

Proof. We note that for a fixed d the elements fa with (a,u}(i) 7^ pairwise 
commute in sl^- Therefore, 



S'u^, = <j exp I Yl c„/^ I KJ, c„ G C ^ ~ JS,- 



D 



Remark 3.2. The reason that Lemma l3. II holds for all fundamental weights 
is that all ujd are cominuscule in type A (the radical, corresponding to each 
uJd is abelian, see |FFLj . |FLj ) . This is not true in general for other types, 
so for general q the varieties 3'^^^ and 3"^ do not coincide for all d. 

Because of Lemma 12.81 we have the following realization of the varieties 

rra 

Proposition 3.3. For A G P_|_ let 1 < di < ■ ■ ■ < dg < n be the set of all 
numbers d such that {X,ad) 7^ 0. Then 



n ^ Gf (K,J X ... X K,J) ^ Gr{di,n) x-.-x Gr{ds,n). 
Remark 3.4. We note that since all fa commute in V^, we have 






(3.1) exp I 2^ Cafa I (KdJ 






^^P I X] '^"■^" I [""^dj X • • • X exp I ^ Cafa 

This formula is specific for the degenerate situation and is not true in the 
classical case. The reason is that the operators fa with (a. A) = act 
trivially on V^^ but not on Vx itself. 

3.1. Degenerate Pliicker relations. We introduce the notation 

T{dr, ...,ds) = 5-^,,+...+^,^, 1 < di < • • • < 4 < n. 

Definition 3.5. Let I"'{di, . . . , ds) be an ideal in the polynomial ring in vari- 
ables X? ■ , d = di, . . . ,ds, 1 < ji < ••• < 3d < n, generated by the 

elements R£°j given below. These elements are labeled by a pair of numbers 
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P ^ Qi P^Q ^ {di, ■ ■ ■ ,ds}, by an integer k, 1 < k < q and by sequences 
L = {li, . . . ,lp), J = (ji,...,jg), which are arbitrary subsets of the set 
{1, . . . , n}. The generating elements are given by the formulas 

lO.ZI IXt j — yV; ; A.; ,■ — > vli/ ;/^i' ,/ 1 

l<ri<---<rfc<p 

where the terms of R£"j are the terms of R^ j (jl.ip (with a superscript a, 
to be precise) such that 

(3.3) {lr„...,lr,}ri{q+l,...,p} = 0. 

Remark 3.6. The initial term Xf , Xf , is also subject to the condition 

(|3.3p . i.e. it is not present in -R^' j if {j'l, . . . ,ifc} H {q' + 1, . . . ,p} 7^ 0. 

Remark 3.7. Let us write the relation i?^ j as Yli-^L(^)-^,j(.^)- Then i?2,"j ^^ 
equal to the sum of terms X°(j^)X'^(,^) such that the sum of PBW degrees 
(j2.2p degL*-*°) + deg J^*"^ is minimal among all sums degL^ + deg J^*^ In 
fact, first note that among the numbers li,. . . ,lp there exists at least one 
A;-tuple /^^ , . . . , /^j. , ri < . . . Tfc such that 

{lr„...Jr,}n{q + l,...,p} = lD. 

Hence without loss of generality we can assume that 

{ji,---,jfe}n{g + l,...,p} = 0. 

Now assume that a pair (L' , J') is obtained from (L, J) by interchanging 
(/r^, . . . , /rj with (ji, . . . ,jk)- Then 

degL' + deg J' = degL + deg J + #{i : q+l< k, < p}. 

Therefore, to obtain R£"j from R^ j, one has to pick the terms of minimal 
PBW-degree. 

Remark 13.71 implies the following: 

Corollary 3.8. The ideal I°'{di, . . . , ds) is homogeneous with respect to the 
PBW-degree. 

We now work out several examples. 

Example 3.9. Let s = 1. Then I°'{d) = I{d), since there are no numbers I 
such that d + 1 < I < d and thus R£"j = R\ j (up to a superscript a in the 
notations of variables Xj). 

Example 3.10. Let g = sla. Then the only nontrivial ideal is /'^(1,2). It is 
generated by a single element 

pl;ct \^a v-a 1^ v-a ya 

-"■(1,2), (3) —^1,2^3 "T ^2,3^1- 

We note that 

-^(1,2), (3) ~ -^l,2-'^3 — ^1,3^2 + -^^2,3-^1. 
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The middle term is missing in R(i2) (-3)) because 

deg(l, 2) + deg(3) = deg(2, 3) + deg(l) = 1, but deg(l, 3) + deg(2) = 2, 
or, equivalently, because 2 satisfies 1 + 1 < 2 < 2 (here q = l,p = 2). 

Example 3.11. Let g = s^. Consider the ideal /'*(1,2). This ideal is gener- 
ated by the following elements: 



R 



l;a x^a x^a i^ \ra -ya pl'^ "v^cc x^a 1^ -v-a -ya 

(1,2), (3) —^1,2^3 "T -^2,3^1' -"-(1,2), (4) —"^1,2-^4 "r ^2,4-^1 ) 



7~»l;fl \^a \^a x^ct x^ct 1^ x^a x^a T}^^^ V^ Y'^ Y''^ Y'^ 

(1 3) (4) ~ ^1,3^4 ^1,4^3 "T ^3,4^1 ' -"-(2 3) (4) ~ "^2,3^4 ^2,4^3 ' 



''(1,3),(4) ~ ""1,3"M "'■l,4^'-3 I "^3,4^'-l' -"-(2,3), (4) 

-,l;a 

'^(1,2),(3,4) 



^(1 2) (3 4) ~ ^1,2^3,4 ~ -^1,3^2,4 "r ^2,3^1,4- 



We note that the relation R/fo) C3 a) i^ exactly the one defining the Grass- 
manian Gr(2,4). 

Example 3.12. For an arbitrary n, consider the ideal /"(I, n — 1). This ideal 
is generated by a single element 

nli'^ vo, x^a / '\\ii Y<^ v*^ 

-"(l,...,n-l),(n) ~ ^l,...,n-l^n ~ \~^) ^2,...,n^l • 

In the classical case the corresponding relation is given by 

n 

^(l,...,n-l),(n) = Z^(-l)""*^l,...,l..,n^*- 
i=l 

The following theorem is the main statement of our paper, it will be 
proved in Section [5l 

Theorem 3.13. The variety 5'"(di, . . . ,4) -^ xf^^P(A'^'C") is defined by 
the ideal I"'{di, . . . ,ds). 

Exam,ple 3.14. Let s = 2, di = 1, d2 = n — 1. The variety 3"'*(l,n — 1) is 
embedded into the product P""^ x P"-^ = P(K?J x P(V;^,^_J. The elements 
fa acting nontrivially on V^^ are /i^j, i = 1, . . . , n — 1, they act as fi,iVj = 
Sl,jvf_^_^. Similarly, the elements fa acting nontrivially on K;„_i are fi^n-i, 
i = 1, . . . , n — 1, they act as 



..,j...,n' 



•'*''^-l^l,...,i...,n = (~^) '^i'"^l, 

Therefore the coordinates of a point 

(n-l n-1 \ 
^ Ci,i/i,i + ^ Ci^n-lfi,n-l I (Ki] (^ Kn-i]) 

«=1 1=1 / 

are given by 

Xt = l,Xf = ci,_i (z > 1), X-...,„_i = l.Xl ..^^^^ = (-l)--+ic,,„_i. 
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Thus, the open orbit of 3"'*(l,n — 1) is the following set of points of the 
product of two projective spaces: 



n 




n-1 




" 


< + ^CM_i< 


X 


vi..,n-i + ^i-ir' 




,...,n 


j=2 




i=l 




. 



Therefore, the closure of the open cell is defined by a single algebraic relation 

-^l,...,n-l^n- \-^) -^2,...,n^l — ^i 

which agrees with Example [3T2j Recall that the classical variety 3"(1, n — 1) 
is defined by a single relation R}^ ^_^-. ,y 

It turns out that our degeneration is flat. We will prove the following 
proposition. 

Proposition 3.15. The varieties 3" = 'J{di, . . . , dg) and 3"" = 3""((ii, . . . , dg) 
can he connected by a flat family 3^ such that 5* ~ 3"" and !F* ~ 3", ifty^O. 

3.2. Coordinate rings: quotient polynomial rings. Define a quotient 
algebra 

Q"(di,...,4) = C[Xf^_J/r(di,...,4), 

where the variables ^j" _..._j^ are labeled by sequences 1 < ii < • • • < irf < n, 
d = di,... ,ds. 

Theorem 3.16. The algebra Q"'{di, . . . ,ds) is isomorphic to the algebra 

xeP+idi,...,ds) 

where the multiplication (V^)* (S) (^)* —^ i^x+u)* ^-^ induced by the embed- 
ding V^^^ ^ V^ V^ (see LemmaW^). 

3.3. PBW-semistandard tableaux: polynomial subring. A crucial 
statement about the ideal 1°" is that it is prime. As in the classical case 
this follows from the realization of the quotient algebra as a subalgebra of 
the polynomial algebra. In the classical case the key role in the whole picture 
plays a notion of a semistandard tableau. We introduce the PBW-version 
here. 

Recall that for a partition A = (Ai > • • • > A„,_i > 0) we denote by 1a 
the corresponding Young diagram. We denote by /ij the length of the j'-th 
column. 

Definition 3.17. A PBW-tableau of shape A is a filling Tij of the Young 
diagram Y\ with numbers 1, . . . , n. The number Tjj- € {1, . . . .n} is attached 
to the box {i-ij). The filling Tjj has to satisfy the following properties: 

• If Tjj < /ij, then Tjj- = i, 

• If zi < ^2 and Tjj J 7^ ii, then T,^ j > Tjjj. 
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Remark 3.18. Usually the entries of a tableau increase from up to down and 
from left to right. The reason why it is more natural for us to change the 
directions is two fold: first, we want to make difference between numbers, 
which are smaller than the length of a column and the others. Second, our 
convention better fits to the formalism of Vinberg's patterns fV], jFFoL ] ■ see 
the proof of Proposition (14. 5j) . 



Remark 3.19. Let us explain the reason why we want Tij < fj,j to imply 
Tij = i. Assume that Yx consists of one column of length d. Then we have 
V^ ~ V^ . As in the classical case we want the shape A PBW-tableaux to 
label the standard basis of V^^ . So let us take a basis vector Vj = v'^^ ■ , 
ji < • • • < id- This vector is obtained from the highest weight vector u" ^ 
(which is the image of ui A • • • A Vd) by application of several operators 
fa- Note that the operators fij with I < i < j < d act trivially on V^^. 
Therefore, whenever a number j < d appears in J, it means that no fa 
has been applied to Vj. Hence it is natural to reorder the vectors Vj in the 
product Vj^ A 
jr-th. place. 



A Vj^ in such a way that if jV < d then jV appears at the 



We note that Tjj > i for any pair i,j. 

Definition 3.20. A semistandard PBW-tableau of shape A is a PBW-tableau 
of shape A subject to the condition: 

• for any j > I and any i there exists ii > i such that Ti^j-i > Tij. 

We denote the set of semistandard PBW-tableaux of shape A by ST^. 
The shape A semistandard PBW-tableaux parametrize a basis of V^. In 
particular 

Proposition 3.21. The number of semistandard PBW-tableaux is equal to 
dim Vx . 

Example 3.22. Let A = (1, . . . , 1). Then each sequence 1 < ii < ■ ■ ■ < id 1^ n 

d 
gives rise to a semistandard PBW-tableau of shape (d) . 

Example 3.23. Let A = (k) be a one part partition. Then the shape A 
semistandard PBW-tableaux are of the following form: 



I2TT1 






Here a number i = 1, . . . ,n appears Oj times, Oj > and Y17=i ^i ~ ^- ^^ P^^' 
ticular, the number of semistandard PBW-tableaux is equal to dim S''^(C") = 
dim Vkui^ . 

Example 3.24. Let g = sis, ^ 
PBW-tableaux is as follows: 



(2,1). Then the list of the semistandard 



Jj 



]J 



i 
3 



3. 

2 
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Example 3.25. Let q = sis and A = (rrii + m2, ^2) be an arbitrary partition. 
Then the semistandard PBW-tableaux are of the form 



1 




1 


3 


...l3lll ... 


1 


31 ...I3I2I ...I2I1I ...111 


3 




3 2 




2 





with the restriction Ti^rn2+i 7^ 3 unless Ti^m^ 

^1,1 = • • • = Ti^ki = Ti^ki+k2+l = • • • = Ti^m2 = 

Tl^rn2+k3+k4+l 



3. More precisely, 



Ti 



I,m2+fc3+l 



Ti, 



m2+k-s+k4 



T, 



2,A:2+1 



-^ l,mi+m2 
T2,m2 = 2, 



^2,1 



f2,fc, 



^l,fci+l 



^7712 + 1 + ^3 



3, 



Tl^ki+k2 — 

Tl^m2+l = ■ ■ ■ 

ki,k2,k3,k4 > and k^ = unless ki + k2 = m-2. One can easily show that 
the number of such tableaux is equal to (mi + l)(m2 + l)("^i + ^^2 + l)/2, 
which coincides with the dimension of Vmiuii+m2ui2 • 

Given a PBW-tableau T, we define an element D^ in the ring C[Zjj], i < 
j. First, assume that we have a sequence of numbers 1 < «i < • • • < «d < n. 

""" is 



Let m < d be a number such that im ^ d and im+i > d. Then D" 
the determinant of the matrix D^ g, a, f3 = 1, . . . ,d 



■,«d 



(3.4) 



D° 



Za,ip, if a / ii,... ,im,,/3 > m, 

0, if a /ii,... ,im,/3 < m, 

1, if a = ii,... ,im,l3 = a, 



0, if a = zi. 



,/3 / a. 



Now assume we are given a length d column of pairwise distinct numbers. 
Then there exists a permutation a ^ Sd such that aT has increasing entries. 
We then define D^ = {—lyD'^rp. If A has more than one column, the element 
D^ is the product of of the polynomials, corresponding to its columns. 



Proposition 3.26. For any relation R^'^j one has R^'^j{Df 



■ ,«d^ 



0. 



We will prove the following proposition: 



Proposition 3.27. Fix a partition A. The polynomials D^, T G ST^, are 
linearly independent 



For a tableau T of shape A we define a n element X^ G Q"'idi, 

the formula 

Ai 
\ra I I -\ra -ya 



,ds) by 



Proposition 13.271 allows to prove the following theorem. 

Theorem 3.28. The elements X^, T G ST^, form a basis ofQ^idi, . . . , 4)- 



Gf DEGENERATION OF FLAG VARIETIES 15 

Recall the notation 

P+((ii,... ,ds) = {miujd^ H \-msUJds, ^i ^ Z>o}- 

Corollary 3.29. Q-{d,, ...,d,)c^ eAeP+(d„...A)(n")*- 

4. Coordinate rings and PBW- tableaux 

In this section we start proving the results from the previous section. 
Throughout the section we fix a sequence of integers 1 < di < • • • < d^ < 
n and omit this sequence in the notations writing Q"", 1°^ etc instead of 
Q"(di,...,4),/"(t^i,...,4) etc. 

Consider the spaces 

0" = {v^f. 

xeP+(di,...,ds) 

This space can be endowed with the structure of an algebra with the mul- 
tiphcation (V^)* ® {Vp* -^ {y\+fj,)* coming from the embedding V^^^ ^^■ 
V^ (g) Vp We note that Q" is PBW-graded, since the embeddings V^_^ ^t> 
V^ (8) Vf^ is compatible with the PBW-grading. The algebra Q" is generated 
by the subspaces (V^^)*. Recall the elements ^fi^...^j^ G (K^j)*- 

Lemma 4.1. The elements X^ ^ , I = 1, . . . ,s satisfy the relations Rj^'j 
in Q". 

Proof. The elements -'^ji,...,!^ , / = 1, . . . , s do satisfy relations Kl j in the 

classical algebra Q = ®xeP+ ^x ^^^ ^^^ relations R£°j are simply the lowest 
degree terms with respect to the PBW grading (see Remark 13. 7p . Since the 
algebra Q" is PBW graded, our lemma follows. D 

Recall the algebra Q" = C[Xf^_ •J/I'*, d = di, . . . ,ds, I < ii < ■ ■ ■ < 
id < n. 

Corollary 4.2. There is a surjection of algebras Q" — )• Q"^. 

We will prove that this surjection is an isomorphism. Consider the de- 
composition 

Q" = Ql, 

xeP+idi,...4s) 
where for A = miLOd^ + • • • + rrisiOds the subspace Q'^ is spanned by the 
monomials -'^'^(i) • • • ^"j{r) > where 

#{i : j'*^ has di entries} = mi, I = 1, . . . ,s. 

Our goal is to show that dimQ^ = dimVx. 

Recall definitions 13.171 13.201 of the PBW-tableau and of the semistandard 
PBW-tableau. 

Lemma 4.3. Let T be a semistandard PBW-tableau. Then: 
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• If 31 < h and Tij-^ = Tij^ / i, then Tij = Tij^ for all ji <j< j2. 

• Ifii< i2, ji < 32 and Ti^j^ / h, Ti^j^ / 12, then Ti^j^ > Ti^j^- U 
in addition ii < i2, then Ti^j^ > Ti^^j^. 

Proof. Let us prove the first statement. Assume that there exists j, j'l < 
3 < 32 such that Ti^j ^ Ti^j^. Then Tjj = i, because otherwise from the 
definition of a PBW-tableau we have Tjj^ > Tj^- > Tj^-j and one of the 
inequalities is strict, which is a contradiction. So Tjj- < Tjjj. By definition of 
a semistandard PBW-tableau, there exists a sequence ii < ^2 < • • • < "^j^-ii 
such that ii > i and 

Since Tjj- < Tij^, we have ij2-i > "^ and hence «J2-ii > "^^ This gives 

J«j2 — -'ij2-Jl'.?l ^ «.ii' 

which gives a contradiction. 

The second statement of the lemma can be proved similarly. D 

Corollary 4.4. Let T be a semistandard PBW-tableau. For I > k let 
^col{k,l) be the minimal number such that Tj^^Acoi(k,l)+i — ^- Then 

• there exists i > k such that Tj^^^^j(fc ;) > I; 

• for j > Acoi{k, I) and i > k Tij < I. 

Proposition 4.5. The number of shape A semistandard PBW-tableaux is 
equal to the dimension of V\ . 

Proof. Let A = ^11=1 f^i^i- Recall (see [ FFoLj . [V] ) that the dimension of 
Vx is equal to the number of Vinberg's configurations. A configuration is 
a set of numbers (sij)i<i<j<n~i G 2>o or, equivalently, a set of numbers 
Sa labeled by positive roots a (we identify a root a = a^ + • • • + Oj, i < j, 
with the pair i,j). A configuration is said to be Vinberg's configuration, 
if the following condition holds: for any Dyck path p = (po) • • • ^Pk) with 
p(0) = Oj, p{k) = Oj we have 

k 

(4.1) 2jsp;<miH \-mj. 

1=0 

Recall that a Dyck path p = (pQ, . . . ,pk) is a, sequence of roots of sl^, 

Pi = «i!,ii = «i! -^ ^ "ii ' ^« ^ 31, 

such that either {ii+i = ii, ji+i = ji + 1) or {ii+i = i; + 1, j^+i = j;). Let 
Sx be the set of Vinberg's configurations. We construct a one-to-one map 
Tp from Sx to the set ST^ of semistandard PBW-tableaux of shape A. 

Let s € S'a be some configuration. We define a tableau V(s) in the fol- 
lowing way. We fill the diagram 1^ from bottom to top. Let us start with 
the (n — l)-st row (if there is no such row, the procedure described below is 
empty). We define 

-Ln-1,1 = • • • = Jn-l,s„_i,n_i = n 
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and fill the rest of the (n — l)-st row with the numbers n — 1. 

Now assume that the rows from A: + 1 to n are already filled. We fill the 
fe-th row in the following way. Let Acoi{k,n) be the maximal number such 
that there exists k < i < n — 1 such that 7^^^^^ /^ „) = n (since nothing is 
present in the fc-th row at the moment, we can say k < i). We then define 

In general, we fill the A;-th row with the numbers n,n — 1, ... ,k + 1 in the 
decreasing order in the following way. Assume that all numbers n, . . . ,1 + 1 
we want to put in the fc-th row are already there. Let us explain how do we 
put the numbers I. Let A(.oi{k,l) be the maximal number such that there 
exists i = k, . . . ,n such that Ti^j^^^^(^j.^i-^ > I. We then define 

After all iterations of the procedure above (corresponding to the numbers 
I = n, . . . ,k + 1) we fill the rest boxes of the /c-th row with numbers k. 

Note that the procedure above fills the k-th row of a tableau with numbers 
greater than or equal to k. We have to show that the construction above is 
well-defined and produces a semistandard PBW-tableau. For this we have 
to show that the numbers we fill the A:-th row with fit into it. Since the 
length of the k-th row is equal to ruk + • • • + mn-i, it suffices to show that 
for all / > /c 

(4.2) Acoi{k, I) + Sk,i^i <mk-\ h nin-i- 

We define 

Arow{k,l) = min{i : Ti^A,,i{k,i) > 0- 
We set A{k,l) = {Arow{k,l),Acoi{k,l)). 
Assume first that Arow{k,l) > /• Then 

Acoi{k, I) <mi-\ h rrin-i 

and since Sk,i-i < mk + ••• + mi^i, the inequality (14. 2p holds. Now let 
ArowikJ) < I. Then since TA(k,i) > h we have TA{k,i) / Arow{k,l). Set 

ki = Acoi{k,l), h=TA(k,i)- 

Note that /ci > fe and ^1 > /. Then Arowik, I) = Arow{ki,li) + Sk^^i^^^i. Thus 
(j4.2p is equivalent to 

(4.3) AcoiikiJi) + Sfci,/i-i + Sk,i-i <mk-\ hm„_i. 

As on the previous step, assume first that Arow{ki,li) > li. Then 

Acoi{ki,li) <mi-^^ h nin-i 

and since s^^i-i + Sk^^i^-i < ruk + • • • + rrii^^i (recall that ki > k and /i > / 
and therefore the points {k,l — 1) and {kiJi — 1) can be connected by a 
Dyck path), the inequality (|4.3p holds. So let Arow{ki,li) < h- Define 

^2 = Acoiiki,h), h = Tji^(^i.^^i^y 
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We note that /c2 > ki and I2 > h- The ()4.3p is equivalent to 

(4.4) Acoi{k2j2) + Sfe2,i2-i + Sfci,h-i + Sk,i-i <mk-\ h m„_i. 

Note that the points {k,l), (kiJi) and (^27^2)1 can be connected by a Dyck 
path. 

We continue in the same way until we get Acoi{kp,lp) = 0. The corre- 
sponding inequality (analogous to ()4.2p . (I4.3p and (I4.4p ) follows from the 
inequality on the sum of s, on a single Dyck path. 

Now we need to construct an opposite map ip~^ from ST^ to 5a. Given 
a tableau, we define 

(4.5) Sk,i = #{j : Tfcj =/ + !}. 

Taking into account Corollary 14.41 we prove in the same way as above that 
s defined by (|4.5p is an element of Sx. Finally, we note that the two maps 
constructed above are inverse to each other. D 

In order to establish the isomorphism Q" ~ Q"^ and to prove that /" 
is prime, we introduce one more algebra Q°^ (actually, we will show that 
Qa ^ Q^). Let Q" be an algebra inside the polynomial ring C[Zjj]i<i<j<n, 
generated by the elements Df^^ ^^ (see (13. 4p ). 

Lemma 4.6. For all k, L and J one has R£"j{D'^ ■ ) = in C[Zjj]i<j<j<„. 

Proof. We note that the definition of D^ ■ can be given in the form of 
the equality in V^^: 

expl J]Z,,/,,_iJK_,]= Yl K,...,Au...,.- 

^i<j J ii<-<id 

The statement that these coefficients satisfy relations from 1°^ is proved in 
the following section, see Lemma 15.41 D 

Corollary 4.7. There exists a surjection of algebras Q" -^ Q"^- 

Lemma 4.8. Fix a partition A. Then the elements D^, T G ST^, are 
linearly independent. 

Proof. Let T be a semistandard PBW-tableau. Note that D^ contains a 
monomial 

It is convenient to rewrite this monomial in terms of the corresponding Vin- 
berg's configuration s = ^~^(T) (see the bijection in the proof of Proposition 
.5p. Namely it is easy to see that 

i<l 
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Let US consider the following order on the set Sx. We say s > t if there 
exists a pair iq, Iq such that Si^^i,^ > U^^^Iq and 

Si,i = tij if {i <io oi i = io, I < Iq). 
Note that if s > t, then the monomial M^ does not appear in D^,^.y There- 
fore the elements D^ are linearly independent. D 

Recall that for a shape A tableau T we have the elements X^ defined by 

Ai 

Lemma 4.9. The elements X^, T G ST^, span Q"^ and hence Q" and Q"^. 

Proof. We introduce an order on the set of tableaux of shape A. We say 
r(i) > r(2) if there exist io, Jo such that T-^-^ > t/^^J-^ and 

Tlj = T>J if j > jo or {j =JQ,i>iQ). 

Assume that we are given a PBW-tableau T, which is not semistandard. 
Recall that the elements Df ■ do satisfy relations from /". Using these 
relations we rewrite D^ in terms of smaller tableaux. 

Assume that the condition from definition 13.201 is violated. Then there 
exist k,j such that 7fcj_|_i > k and for aW i > k Tfe^+i > Tij. Let p = fij, 
q = fij+i- Since Jfcj+i > Tpj > p, none of the elements Tij^i, . . . ,Tkj+i 
belong to the set {q + 1, . . . ,p} and hence the term 

is present in the relation 

^ ' ' (^i,jv,rpj),(Tij+i,...,Tqj+i)' 

Let us look at other terms in (j4.6p . Assume we pick arbitrary numbers 
1 < h < ■ ■ ■ < ik 1^ P and interchange 

T'i-ij, . . . , Tjj. J with Tij+i, . . . , 7a:j_|_i. 

Since Tjj < Tfc j_|_i for all i > k, we have (after interchanging) at least 
q — k + 1 elements Tj^. j, Tfc_(_ij+i, . . . , Tgj+i which are smaller than Tf^j^i. 
Therefore the lowest element in the column J2 , which differs from the one in 
T is smaller. Therefore, after interchanging the resulting tableau becomes 
smaller. D 

Theorem 4.10. We have isomorphisms Q"^ ~ Q" ~ Q". The elements X^ 
labeled by semistandard PBW-tableaux T form a basis of Q"" . 

Proof. In fact, Lemma r4.9l and Proposition l4.5| give the inequalities diniQ^ < 
dimVx and diniQ^ < dim Vx. From Lemma [4.8l we obtain dimQ^ = dimVx. 
Since dim Q^ = dim V\ , Corollary 14.21 finishes the proof. D 

Corollary 4.11. The ideal /" is prime. 
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Proof. Follows from the isomorphisni Q"^ ~ Q", since Q" is a subalgebra in 
the polynomial algebra. D 

We close this section with the following proposition. 

Proposition 4.12. The elements Xt, T € ST^, form a basis of Q. 

Proof. Since #ST^ = dimVx, it suffices to prove that the elements Xt, 
T € ST^, span Q. Recall that in the proof of Lemma l4.9l we have introduced 
an order on the set of tableau and expressed each X!j^, T ^ ST^ as a linear 
combination of Xx' with T' smaller than T. For this we have used the 
relations i?^' j. We note that 



Rl,j - R^j + 2^ ^L(^)^. 



where deg J^*^ + degL*-*) > deg J + degL and Rj]°'j is obtained from R£°'j 
simply by omitting superscripts a in variables Xj. Therefore in Q any 
element Xt, T ^ ST^ can be expressed as a linear combination of X-p/, 
where T' is smaller than T or the sum of PBW-degrees of columns of T' 
is bigger than that of T. Since the sum of PBW-degrees of fixed shaped 
tableaux is bounded from above, our proposition is proved. D 

5. The varieties 3^°-{di, . . . ,ds) 

5.1. The ideal J*^. Throughout the section we fix a sequence 1 < di < 
■ ■ ■ < ds < n — 1 and omit the numbers di in the notations 3"", J*^, etc. 
Let U ^S'^he the dense Giy-^-orbit 



[/ = <{ exp I Y^ djfij K,J X • • • X 

J<i<j<n-1 / 

exp Y, ("ijfiJ [^'^dj' Cij Gl 

\1<«<J<"-1 / 

By definition, the variety 3"" is the closure of U in the product of the pro- 
jective spaces IP(V^^ ), i = 1, . . . , s. Recall the coordinates X^^ ■ in V^^. 
These coordinates produce a multi-homogeneous coordinates on the product 
xf=iIP(Kjd )• -^^* ^^^ denote by Xf-^ ^ (cij) = Xf^ ^ (c) the coordinates of 
a point 

exp Yl ^*j/*J ^<, ^ ■ ■ ■ >< <<is ) ^ <=i^S,, ■ 

For instance, Xi^...^^ = 1. Let us compute these coordinates explicitly. Let 
1 < r < (i be a number such that ir < d and v+i > d. Define the numbers 
1 < ji < • • • < jd-j- < d by the formula 

{ji,...,jd-r} = {l,...,d}\{ii,...,ir}. 



^M 
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Lemma 5.1. We have 



^11,...,%^:^") V ^) /_, \ ^) ^Ji,«r4-^fn-l • • • ^.7d-r,^r-t^M-r^-l• 



^l,...,^d^ ' ^ ' Z-^ 



Proof. Lemma follows from formula (j2.3p . D 

Corollary 5.2. We have X^^ -^{c) = det C, where Ca,/3 is an nxn matrix 
defined by 



Ca,ii3-i, if ai^ii,...,im-,P > m, 

0, ifa^ii,...,im,l3< m, 

1, ifa = ii,...,im,l3 = a, 
_0, ifa = ii,...,im,(3j^a. 




(5.1) C„ 



We note that matrices (j5.ip and (|3.4p are identical up to the identification 
of parameters. 

Example 5.3. Note that Xi ,,, (^(c) = 1. Let i < d < j. Then 

(5-2) ^i,...,L.,d,,(c) = (-1)'^-V,,_i. 

Lemma 5.4. Fix a tuple c. Then the coordinates Xf , (c), r = 1, . . . , s 
satisfy the relations from the ideal /". 

Proof. Let Xjj^...^j^(c) be the classical analogues of Xf_^ ■ (c), i.e. 

/ l<ii<---<itj<n 

For any tuple c the coordinates Xj^^...^j^(c), d = di,. . . ,ds satisfy relations 
from /. We note that the polynomials X? ■ (c) can be obtained from 
-'^ii,...,id (c) simply by taking the lowest degree (in all variables Cjj) terms. 
This lowest degree coincides with the PBW-degree of the tuple ii, . . . ,irf. 
Since the terms in R£°j are exactly the lowest degree terms among those in 

R£°j, the coordinates X? ■ (c) do satisfy the relations R^'^j- □ 

Now consider the set of all zeros X{I"-) "^^ x^^-^F{V^^ ) of the ideal /". 

Lemma 5.5. Let W C x^^-|^P(V^^ ) be an affine space defined by Xi^...^^^ / 
for allr = l,...,s. Then X{I'')r\W = U. 

Proof. Let Pi^^...^i^ , r = 1, . . . , s be the coordinates of a point P € X{I"') n 
W. We note that for all I < dr < d„i < 7 the relation R'"' 

(l,...,d,n),ij,l,-,l-,dr) 

give 

'^'■■■^"■m ],l,...,l...,dr J,l,...,l...,dm J^v:"r 

Assuming P° d = !> relation ()5.3p reads as 
(5.4) Pf f , . = (-l)'ir+drupa 

^ ' l,...,l...,dm,J ^ ' l,...,l...,dr,J 
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(which agrees with formula (I5.2p ). We set 

if there exists m such that i < dm < j and set Cij = otherwise. Equation 
(|5.4p guarantees that such tuple Cij exists. Our goal is to show that 

(5.5) exp ( Yl ^^^^k^ I (K,J X ... X K,J ) = P- 

l<i<j<n 

The right and left hand sides belong to the affine space with the coordinates 
Xj" j^ (we assume X^ ^ = 1). We have defined Cij in such a way that 



the coordinates X" - , . of the left and right hand sides of (15.51) coincide. 

l,...l,...,dr,J 

This implies (j5.5p . since there is at most one point in X(/°) n W with the 
prescribed values of X" - .In fact, let J = (ji, . . . ,jd) be a sequence 

such that deg J > 1. Let us order J in such a way that ji > d. Then 
the relation R,!^ ^-^ j allows to rewrite Xj (XjXi_...^rf to be precise) as a 
polynomial in X£ with deg L < deg J. Now it suffices to note that the 
sequences (l,...i,...,d,j) are exactly the degree one sequences. D 

For a subset R C ^r=i^i^(2'd ) ^^^ H^-) be the ideal of multi-homogeneous 
polynomials vanishing on R. We now prove the main theorem of this section. 

Theorem 5.6. I{U) = I''. Equivalently, liJ") = I''. 

Proof. We need to prove that if a multi-homogeneous polynomial F in vari- 
ables X? ^ , d = di,. . . ,ds vanishes on U, then F € !"■. For a d-tuple 

Ji) . . . ijd consider the relation R,^ ^y,. ..£!"'. This relation is equal 
to 

^i,...,d^n,...,u- Z^^L^j'^ 
where for all terms X£Xj, we have 

degX£ = 1, degX}, = deg(ji, . . . ,jd) - l- 

(Recall the PBW degree deg J = #{/ : ji > d}). Therefore, the product 
(X^ ^)'^'^^'^Xj can be expressed modulo the ideal I" as a homogeneous 
polynomial in coordinates X" - {I < d < j). 

i,...t...,a,J 

We show that F ^ 1°- in the following way: first assume that F depends 
only on the variables X? • with a fixed d. Then F vanishes on a dense 
open cell of the Grassmanian Gr{d, n) and hence the polynomial F belongs 
to I. Since R£'^j = R\ j (up to a superscript a) if lengths of L and J 
coincide, we obtain F £ I'^. Now consider the general case, i.e. assume 
that F depends on at least two groups of coordinates (with different d) . Let 
r be the maximal number such that for all m < r F does not depend on 
the variables Xf • . We then show that there exists a polynomial G such 
that G — F S /" and G is independent of the variables X? ^ with m <r. 
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Without loss of generality we assume that r = 1. First, there exists a num- 
ber A^ such that the polynomial F = (X" ^ ) F can be expressed modulo 
/" as a polynomial independent of X" • whenever deg(ji, . . . , j^) > 1. 
Note also that F still vanishes on U . Recall the expression (|5.2p for the 
degree one coordinates: 

l,...l...,di,m^ ' ^ ' ''"' ^ 

From this formula and since F vanishes on the whole U , F does not depend 
on Xf - , with m < d2 (because numbers q m-i with m < d2 can come 

l,...l...,ai,m ^ ' 

nowhere, but from X"" - (c)). For the rest X"" - we have the 

l,...l...,di,m l,...(...,ai,m 

following relation in /": 

^1 d^K r , - {-l)'^'+'^'X^ - ^ X'^ . = 0. 

±,...,u2 l,...l...,di,m ^ ' l,...l,...,d2,m ivi"l 

Therefore, there exist numbers Mi and M2 and a polynomial G such that 

iXl..,,,f'^F-iXl,,^,y^'^GeP 

and G does not depend on variables Xf" ,• . Note that since F vanishes 
on U and X"^ ^ equals to 1 on U, the polynomial G vanishes on U as well. 
By induction on s we can assume G ^ 1°^. Therefore, 

Since /° is prime (see Corollary I4.1ip . we arrive at F € /''. D 

5.2. Flatness. We close with the proof of the flatness of the degeneration 
"J ^ 3^'^ . Let t be a variable. We define an algebra Q* over the ring C[t] as a 
quotient of the polynomial ring C[t][Xj^^...^j^], d = di, . . . ,ds by the ideal /* 
generated by quadratic relations R£ j- These relations are t-deformations 
of the relations i?^ j. Namely, let R^ j = Y^i ^ Li^) ^ j(i) ■ Then 

pfc;t _ ,-mini(degL(')+deg J(')) Y^ .degL(*)+deg j(*) V V 

i 

The following lemma describes the fibers of Q*. 

Lemma 5.7. QV(t) ~ Q" , Q^/{t - u) ^ Q for u ^ 0. 

Proof. Straightforward. D 

Proposition 5.8. Q* is C[t] free. 

Proof. We prove that the elements Xt, T G ST^, A G P+(di, . . . ,ds) form 
a C[t] basis of Q*. First, let us prove that the elements Xt are linearly 
independent. Assume 

^mrXT = ^i?^(f) _^(,)Pj(t), mT,Pi € C[t]. 

T i 

There exists a number u G C such that rriTiu) 7^ if mx 7^ 0. Now Propo- 
sition |4T2] gives linear independence. The proof of the spanning property is 
analogous to the proof of Proposition 14.121 D 
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